HELMHOLTZ CONDITIONS AND SYMMETRIES FOR THE 
TIME DEPENDENT CASE OF THE INVERSE PROBLEM OF 
THE CALCULUS OF VARIATIONS 

o , 

lOAN BUCATARU AND OANA CONSTANTINESCU 

Abstract. We present a reformulation of the inverse problem of the calculus 
' of variations for time dependent systems of second order ordinary differential 

equations using the Frolicher-Nijenhuis theory on the first jet bundle, J^tt. We 
prove that a system of time dependent SODE, identified with a semispray S, 
is Lagrangian if and only if a special class, Ag(J^7r), of semi-basic 1-forms is 
not empty. We provide global Helmholtz conditions to characterize the class 
Ag(J^7r) of semi-basic 1-forms. Each such class contains the Poincare-Cartan 
1-form of some Lagrangian function. We prove that if there exists a semi-basic 
, 1-form in Ag(J^7r), which is not a Poincare-Cartan 1-form, then it determines 

• ' a dual symmetry and a first integral of the given system of SODE. 
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1. Introduction 



In this work we present a reformulation of the inverse problem for time dependent 
systems of second order ordinary differential equations in terms of semi-basic 1- 
fT^ , forms. In this approach we solely make use of the Frolicher-Nijenhuis theory on 

TTio : J^TT — !> M, the first jet bundle of an (n-|~l)-dimensional, real, smooth manifold 
M, which is fibred over R, tt : M — ;> R. We characterize when the time dependent 
OO ■ system of SODE 

is equivalent to the system of Euler-Lagrange equations 

for some smooth Lagrangian function L on J^tt, in terms of a class A^(J^7r) of 
semi-basic 1-forms on J^tt. This work is a natural extension of the time indepen- 
dent case studied in However, the time dependent framework has particular 
aspects that result into some differences of this approach from the one studied in [4j . 
Lagrangian systems of time independent differential equations are always conserva- 
tive and this is not the case in the time dependent framework. In this approach we 
use the formalism developed for the inverse problem of the calculus of variations to 
search for symmetries as well. In other words, this approach gives the possibility 
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of searching for dual symmetries for the time dependent system (|l.ip of SODE in 
the considered class A^(J^7r) of semi-basic 1-forms. 

Necessary and sufficient conditions under which the two systems (jl.ip and (|1.2p 
can be identified using a multiplier matrix are usually known as the Helmholtz 
conditions. This inverse problem was entirely solved only for the case n = 1 by 
Darboux, in 1894. and for n = 2 by Douglas, in 1941 [13]. A geometric reformulation 
of Douglas approach, using linear connections arising from a system of SODE and 
its associated geometric structures, can be found in [111 133) . The relation between 
the inverse problem of the calculus of variations and the condition of self-adjointness 
for the equations of variation of the system (|l.ip was studied by Davis in 1929, jl2] . 
In 1935, Kosambi [1^1, has obtained necessary and sufficient conditions, that were 
called latter Helmholtz conditions, for the equations of variations of the system 
(|l.ip to be self-adjoint. For various approaches to derive the Helmholtz conditions 
in both autonomous and nonautonomous case, we refer to Santilli |30j . Crampin 
[H], Henneaux [H], Sarlet |3T], Marmo et al. [Ml, Morandi et al. [15|, Anderson 
and Thompson p], Krupkova and Prince [21]. See also [4] for a reformulation of 
the Helmholtz conditions in terms of semi-basic 1-forms in the time independent 
case. 

In this paper we study the inverse problem of the calculus of variations when 
the time dependent system (jl.ip of SODE is identified with a semispray S on the 
first jet bundle J^tt. We seek for a solution of the inverse problem of the calculus 
of variations in terms of semi-basic 1-forms on J^tt. We first show, in Theorem 
14.51 that a semispray S* is a Lagrangian vector field if and only if there exists a 
class of semi-basic 1-forms 9 on J^tt such that their Lie derivatives Cg9 are closed 
1-forms. We denote this class by A^(J^7r). These results reformulate, in terms 
of a semi-basic 1-form, the results expressed in terms of a 2-form, obtained in 
[H El [3 dni [24] . In Proposition [46l we strengthen the results of Theorem [43] and 
prove that, if nonempty, the set of semi-basic 1-forms A^(J^7r) always contains the 
Poincare-Cartan 1-form of some Lagrangian function L. Moreover, we show that 
any semi-basic 1-form 9 e A^(J-'^7r), which is not the Poincare-Cartan 1-form of 
some Lagrangian function, determines a first integral and a dual symmetry of the 
Lagrangian system. 

In Theorems l5.ll and l5.2l we characterize the semi-basic 1-forms of the set A^( J^tt), 
depending if they represent or not Poincare-Cartan 1-forms. First, we pay atten- 
tion to dj-closed, semi-basic 1-forms 0, where J is the vertical endomorphism. This 
class of semi-basic 1-forms 6 coincides with the class of Poincare-Cartan 1-forms 
corresponding to the Lagrangian function L = is9, see Lemma 14.21 For this class 
we prove, in Theorem 15.11 that the inverse problem has a solution if and only if the 
Poincare-Cartan 1-form is d/j-closed, where h is the horizontal projector induced 
by the semispray. 

In Theorem 15.21 we formulate a coordinate free version of the Helmholtz con- 
ditions in terms of semi-basic 1-forms on the first jet bundle J^tt. If there exists 
a semi-basic 1-form 8 that satisfies the Helmholtz conditions, then 9 is equivalent 
(modulo dt) with the Poincare-Cartan 1-form of some Lagrangian function. More- 
over, if such 9 is not dj-closed then isd9 is a dual-symmetry and induces a first 
integral for the semispray 5*. This theorem gives a characterization for conservative^ 
Lagrangian, time dependent vector fields. To derive the Helmholtz conditions in 
Theorem 15.21 we make use of the Frolicher-Nijenhuis theory on J^tt developed in 
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Section 12. 2[ as well as of the geometric objects induced by a semispray that are 
presented in Section [31 

Since semi-basic 1-forms play a key role in our work, we pay a special attention 
to this topic in Section [2.3l In this section we prove a Poincare-type Lemma for the 
differential operator dj restricted to the class of semi-basic 1-forms on J^tt. The 
Poincare-type Lemma will be very useful to characterize those semi-basic 1 forms 
that are the Poicare-Cartan 1-forms of some Lagrangian functions. 

An important tool in this work is discussed in Section r3.21 it is a tensor derivation 
on J^TT that is called the dynamical covariant derivative induced by a semispray. 
This derivation has its origins in the work of Kosambi [19], where it has been 
introduced with the name of "bi-derivative". The notion of dynamical covariant 
derivative was introduced by Carifiena and Martinez in [7] as a covariant derivative 
along the bundle projection ttiq. See also [SJ [HI [JTl UHl [M] . It can be defined also 
as a derivation on the total space TJ^n, see |25[ I29| . 



2.1. The first jet bundle J^tt. For a geometric study of time dependent systems 
of SODE the most suitable framework is the afhne jet bundle ( J^tt, ttio, M), see 
[9j [20l [25l [35]. We consider an (n + l)-dimensional, real and smooth manifold 
M, which is fibred over R, tt : M R. The first jet bundle of tt is denoted 
by TTio : J^TT — !• M, 7rio(jj7) = 7(^)1 fo^' 7 ^ local section of tt and j^j the first 
jet of 7 at A local coordinate system (i,a;')jg— on M, where t represents the 
global coordinate on M and (x*) the 7r-fiber coordinates, induces a local coordinate 
system on J^tt, denoted by Submersion ttiq induces a natural foliation 

on J^TT. Coordinates {t,x^) are transverse coordinates for this foliation, while (y') 
are coordinates for the leafs of the foliation. 

Throughout the paper we assume that all objects are C°°-smooth where defined. 
The ring of smooth functions on J^tt, the C°° module of vector fields on J^tt and 
the C°° module of fc-forms are respectively denoted by C°°{J^tt), X{J^tt) and 
A''(J^7r). The C°° module of (r, s)-type tensor fields on J^tt is denoted by 7^'"( J^tt) 
and T{J^tt) denotes the tensor algebra on J^tt. By a vector valued /-form (/ > 0) 
on J^TT we mean an (l,Z)-type tensor field on J^tt that is skew-symmetric in its I 
arguments. 

A parameterized curve on AI is a section of tt: 7 : R — j- M, 7(t) = {t,x''{t)). Its 
first jet prolongation J^j : t G R — >■ J^^{t) = {t , [t] ^ dx^ / d£) E J^tt is a section of 
the fibration tti :~ tt o ttiq : J^ir — >■ K. 

Let VJ^TT be the vertical suhhundle of TJ^tt, VJ^tt = e TJ^tt, L'7rio(0 = 
0} C TJ^TT. Its fibers, VuJ^tt = KerD^TTio, u S J^tt, determine a regular, n- 
dimensional vertical distribution. The vertical distribution is integrable, being tan- 
gent to the natural foliation. Moreover, VJ^n = spann{d / dy''} and its annihilators 
are the contact 1-forms 



One can also view the vertical subbundle as the image of the vertical endomorphism 
(or tangent structure) 



2. Preliminaries 



(2.1) 



Sx'' = dx' - y^'dt, iG {!,..., n}. 



(2.2) 




The vertical endomorphism J is a (1, l)-type tensor field, and hence a vector valued 
1-form on J^tt, with Im J = VJ^n, VJ'^n C Kcr J and = 0. 

A system (|l.ip of second order ordinary differential equations, whose coefficients 
depend explicitly on time, can be identified with a special vector field on J^tt, called 
a semispray. A semispray is a globally defined vector field S on J^tt such that 

(2.3) J{S) = and dt{S) = 1. 

Therefore, a semispray is a vector field S on J^tt characterized by the property 
that its integral curves are the first jet prolongations of sections of tti : J^tt ^ M. . 
Locally, a semispray has the form 

(2.4) ^=|+^^|^-2^'(^'^'^)|t> 

where functions G*, called the semispray coejficients, are locally defined on J^tt. 

A parameterized curve 7 : / ^ M is called a geodesic oi S if S o J^^ = ^(^^7)- 
In local coordinates, ^(t) = {t,x'^{t)) is a geodesic for the semispray S given by 
()2.4p if and only if it satisfies the time dependent system (jl.ip of SODE. 



2.2. Prolicher-Nijenhuis theory on J-^tt. In this section we give a short review 
of the Frolicher-Nijenhuis theory on J^n, following [M ) [T5 l fTS l [23] . 

Suppose that ^ is a vector valued Z-form on J^tt and B a (vector valued) fc-form 
on J^TT. We can define an algebraic derivation |18j denoted by iAB: 

iAB{Xi, ■ ■ ■ ,Xk+i-i) = 

m^j^ _ -^^1 X! sign(CT) B (A(X^(i), ■ • • ,X^(/)),X^(;+i), ■ • • ,X^(fc+/_i)) , 

where ATi,-- - ,A"/;_^/_i g X(J^7r) and Sp is the permutation group of elements 
1, • • ■ ,p . We observe that {aB is a (A:+Z — 1)- form (vector valued form, respectively 
if B is vector valued) on J^tt. In [Ml [15] this algebraic derivation is denoted by 
B A A and it is called exterior inner product. For B a scalar form and 1 = 0, A is 
a vector field on J^tt and {aB is the usual inner product of fc-form B with respect 
to vector field A. When I = 1, then A is a (1, l)-type tensor field and iaB is the 
fc-form (or vector valued fc-form, if B is vector valued) 

k 

(2.5) iAB{Xi,--- ,Xk) = ^B(Xi,-.- , AX,,.-. , Xfe). 

i=l 

For any vector valued Z-form A on J^tt we define iAB = 0, if k = 0, which means 
that B e C°°(JV) or B e X(JV). If fc = 1, we have iAB = B o A. 

Let A be a vector valued Z-form on J^tt, / > 0. The exterior derivative with 
respect to A is the map : A^-^J^tt) A''+'(J^7r), fc > 0, 

(2.6) = iAod- {-ly-^doiA. 

In |18j , the exterior derivative is called the Lie derivative with respect to A and 
it is denoted by Ca- When A G X(J^7r) and fc > 0, we obtain d^ = Ca, the usual 
Lie derivative. In this case equation (|2.6p is the well known Cartan's formula. If 
A = Id, the identity (1, l)-type tensor field on J^tt, then did = d, since iidce = ka 
for a £ A'=(ji7r). 
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Suppose A and B are vector valued forms on J^tt of degrees I > and k > 0, 
respectively. Then, the Frolicher-Nijenhuis bracket of A and B is the unique vector 
valued {k + Z)-form on J^tt such that [U] 

(2.7) d[A,B] = dAods - {-l)'"'dBodA. 

When A and B are vector fields, the Frolicher-Nijenhuis bracket coincides with the 
usual Lie bracket [A, B] = CaB. 

For a vector field X G X( J^tt) and a (1, l)-type tensor field A on J^tt, the 
Frolicher-Nijenhuis bracket [X, A] = CxA is the (1, l)-type tensor field 

(2.8) CxA = CxoA- AoCx- 

The Frolicher-Nijenhuis bracket of two (1, l)-type tensor fields A, B on J^tt is 
the unique vector valued 2-form [A, B] defined by [T^ 

[A,B]{XX) = [AX,BY] + [BX,AY] + {AoB + Bo A)[X,Y] 

(2.9) -A[X, BY] - A[BX, Y] - B[X, AY] 

-B[AX,Y], VX,yeX(jV). 

In particular. 

(2.10) A](X,y) = [AX, AY] +A^[X,Y] - A[X,AY] - A[AX,Y]. 

For a (1, l)-type tensor field A, the vector valued 2-form Na = \ [A, A\ is called the 
Nijenhuis tensor of A. 

For the next commutation formulae on A'^(J^7r), k > 0, that will be used 
throughout the paper, we refer to [121 chapter 2]. 



(2.11) iAds ~ dslA = dBoA-i[A,B], 

(2.12) CxiA-iA^x = Mx,A], 

(2.13) ixdA+dAix = i^AX~i[x,A\i 

(2.14) lAtB-iBiA = iBoA-iAoB, 



for X G X(JV) and e rii(J^7r). 

In this work we will also use the algebraic operator A* , 

A*B{Xu--- ,Xk)^ B{AXi,--- ,AXk), 

for A a (1, l)-type tensor field and B a (vector valued) fc-form on J-^tt. 

2.3. Poincare-type Lemma for semi-basic forms. For a vector valued Z-form 
A, we say that a fc-form lu on J^tt is dA-closed if d/iw = and dA-exact if there exists 
9 G A'"'^'(J^7r) such that w ~ dAd. For a vector valued 1-form A, from formulae 
(|2.7p and (|2.10p we obtain that = o?Ar^. Therefore, if A is not integrable, which 
means that Na ^ 0, d/^-exact forms may not be d^-closed. 

Two forms uji and u]2 on J^tt are called equivalent (modulo dt) if cuiAdt ~ W2 Arf^. 

For a vector valued Z-form A, we say that a A:-form G A'^(J^7r) is dA-closed 
(modulo dt) if dA0 /\dt ~ and dA-exact (modulo di) if there exists uj in A'^~'(J^7r) 
such that 9 A dt ~ dAto A dt. 

For the vertical endomorphism J, its Frolicher-Nijenhuis tensor is given by 

d 

(2.15) TV/ = ~— Adt = 
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Consequently, using formula (j2.7p . we obtain cPj ~ dtq,, ~ ~dj/\dt 7^ 0. Therefore, 
dj-exact forms on J^tt may not be dj-closed. However, we will prove in the first 
part of Lemma 12.41 that dj-exact (modulo dt) forms are dj-closed (modulo dt) 
forms. In the second part of Lemma 12.41 we will show that the converse is true for 
semi-basic fc-forms, only. 

For a fc-form u, the following identities can be obtained immediately 

ijAdtW = {-if-^'^iju Adt, 
(2.16) dj^dtOJ = {-if+^djoj A dt. 

Definition 2.1. i) A fc-form w on J^tt. fc > 1, is called semi- &asic if a; (Xi, •■ • ,Xk)= 
0, when one of the vectors Xi, i £ {1, k}, is vertical. 

ii) A vector valued fc-form A on J^tt is called semi-basic if it takes values in the 
vertical subbundle and A{Xi, ■ ■ ■ , Xk) = 0, when one of the vectors A^, z G {1, fc} 
is vertical. 

A semi-basic fc-form verifies the relation ij9 = 0. The converse is true only for 
fc = 1. Semi-basic 1-forms are annihilators for the vertical distribution and hence 
locally can be expressed as 6* = 9o{t,x,y)dt + 6i{t,x,y)Sx'^. Contact 1-forms Sx"^ 
given by formula (|2.ip are semi-basic 1-forms. 

Definition 2.2. A semi-basic 1-forni 9 on J^tt is called non- degenerate if the 2-form 
d9 + isd9 A dt has rank 2n on J^tt. 

If a vector valued fc-form A is semi-basic, then J o A ^ 0, ijA = and J* A = 0. 
The converse is true only for fc = 1 . It follows that the vertical endomorphism J is 
a vector valued, semi-basic 1-form. 

Next lemma presents a characterization of forms that are equivalent (modulo dt) 
to the null form and will be used to prove a Poincare-type Lemma for semi-basic 
forms. 

Lemma 2.3. A k-form lo on J^tt satisfies the condition uj A dt ~ if and only if 
it is of the form uj = is^dti^ ~ (^l)'^^"'^*s^ A dt, for an arbitrary semispray S . 

Proof. A simple computation gives is^dtW ~ ( — l)'^^^zsa; A dt. Therefore, if w = 
is^dti^ = {—i)'^~^^isi^ A dt it follows that oj A dt = 0. Conversely, ii oj A dt = 0, we 
apply is to this identity and get = isoj Adt + (— l)''a;. Hence, oj = (— l)''+^i5W A 
dt = is(g,dt^, which completes the proof. □ 

Lemma 2.4. (Poincare-type Lemma) Consider 9 a k-form on J^tt. 

i) If 9 is dj-exact (modulo dt) then 9 is dj-closed (modulo dt). 

ii) If 9 is a semi-basic form and dj-closed (modulo dt), then 9 is locally dj- 
exact (modulo dt). 

Proof, i) Suppose that 9 G A'°(J^7r) is dj-exact (modulo dt). Then, there exists 
u) G A''^^(J^7r) such that 9 A dt ~ djoj A dt. If we apply dj to both sides of this 
identity, and use formula (|2.16p . we obtain 

dj9 Adt ^ d^juj Adt = -dj/^dt^ Adt = 0. 

which means that the fc-form 9 is dj-closed (modulo dt). 

ii) We have to prove that for 9 G A'°(J^7r) semi-basic, with dj9 A dt ~ 0, there 
exists u! G A'^^^(J^7r) (locally defined), such that 9 A dt — dju A dt. Since 9 is 
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semi-basic, it follows that locally it has the form 

s = T-Ai ijx^^ ^5x'*' + —^-—e,. ^5x^^ hSx^'--^ ^dt. 

k\ {k - 1)! 

Using the identities ijdt — 0, ijSx^ — 0, and ijdy^ = 6x^, we obtain 

1 1 r)f) 

dje A dt = ^jdB A dt = -^^-^^x.. ^7^^"" ^ • ■ • ^ ^ 

where rf-'J is Kronecker's symbol. Hence 

(fc + 1)! 'I'^-'^ + i 9yJ 

If one considers the transverse coordinates of the natural foliation as param- 
eters, one can use Poincare Lemma on the leafs of this foliation to obtain (locally 
defined) functions aij^ . j^ ^ (t, x% y') such that 

Therefore, one can consider the (locally defined) semi-basic (fc — l)-form 



{k-iy. 



In view of identity (|2.17p we have 9 Adt = djOJ Adt, which means that 9 is dj-exact 
(modulo dt). □ 



For semi-basic forms, the differential operator dj is closely related to the exte- 
rior differential d" along the leafs of the natural foliation, studied by Vaisman in 
|36| . This relation as well as the proof of Theorem 3.1 from [35] can be used to 
give a different proof for Lemma 12.41 This proof will require to fix a distribution 
supplementary to the vertical distribution, which is always possible, see Section TS.!! 

For semi-basic 1 and 2-forms a Poincare-type Lemma and its usefulness for the 
inverse problem of the calculus of variations is discussed in Marmo et al. [21] ■ For 
forms along the tangent bundle projection a similar result as in Lemma 12.41 has 
been shown in [M] Prop. 2.1]. 

In Section|3]we will use Poincare-type Lemma to find necessary and sufficient 
conditions for a semi-basic 1-form on J^tt to coincide, or to be equivalent (modulo 
dt), with the Poincare-Cartan 1-form of some Lagrangian function. 



3. Geometric objects induced by a semispray 

In this section we present some geometric structures that can de derived from 
a semispray using the Frolicher-Nijenhuis theory: nonlinear connection, Jacobi en- 
domorphism, dynamical covariant derivative. See [S] [HI [H] [231 [IZl [31] ■ These 
structures will be used later to express necessary and sufficient conditions for a 
given semispray to be a Lagrangian vector field. 
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3.1. Nonlinear connection. A nonlinear connection on the first jet bundle J-^tt 
is an [n + l)-dimensional distribution H : u ^ J^ir Hu C T„ J^tt, supplementary 
to the vertical distribution VJ^ir. This means that for each u G J^tt, we have the 
direct decomposition T^J^ir = ® Vu- 

A semispray S induces a nonlinear connection on J^tt, determined by the almost 
product structure^ or dynamical connection |22| 

(3.1) T = -CsJ + S®dt, T^=ld. 

The horizontal projector that corresponds to this almost product structure is 

(3.2) h=]^{lA-CsJ + S ®dt) 

and the vertical projector is v ~ Id —h. Note that in this paper we chose to work with 
the weak horizontal projector h defined by formula p.2p . We can also consider Hq ~ 
S <Si dt and hi = h — hQ, the strong horizontal projector. The horizontal subspace is 
the eigenspace corresponding to the eigenvalue +1 of F, while the vertical subspace 
is the eigenspace corresponding to the eigenvalue —1. The horizontal subspace is 
spanned by S and by 

ir— = -TT— - N^iT—, where N] = — -. 

From now on, whenever a semispray will be given, we prefer to work with the 
following adapted basis and cobasis 

(3.3) idt,6x\6y^}, 

with Sx'' = dx' — y^dt the contact 1-forms and 

(3.4) Sf = dy' + N*dx^ + N^dt, = 2G' - Njy^ . 

Functions iVj and Nq are the coefficients of the nonlinear connection induced by 
the semispray S. The 1-forms Sy' are annihilators for the horizontal distribution. 

With respect to the adapted basis and cobasis p.3p the almost product structure 
can be locally expressed as 

S d 
T^S®dt+ — ®Sx'- — ® Sy\ 
ox* oy^ 

Therefore, the horizontal and vertical projectors are locally expressed as 

3 d 
h = S ^ dt + — Sx\ v = -—^®Sy\ 
Sx'' ay'' 

We consider the (l,l)-type tensor field, which corresponds to the almost complex 
structure in the autonomous case, 

(3.5) ¥ = ho Csh- J. 

Tensor F satisfies F'^ + F = 0, which means that it is an /(3, 1) structure. It can be 
expressed locally as 

5 , d 



For some useful future calculus, we will also need the next formulae 



(3.6) 
(3.7) 



_S_ _5_ 

Sx^ ' Sx^ 
_5_ _d_ 

5x^ ' dy^ 



= R 



k 



V Qyk ' 

dN^ d 



Sx^ 



5x3 



d 



Qyj Qyk dy^dy^ dy'^ ' 
for the Lie brackets of the vector fields of the adapted basis 



(3.8) 



Ri 



d 



d 



We also have: 
d 



dy^ ' dy'^ Sx^ ' " ' * dy^ ' 
(3.9) Csdt = 0, CsSx' = -NjSx^ + 6y\ Cs5y'^ -R^^Sx^ - N]5y\ 

where 



(3.10) 



R] 



dx^ dy'' dyi 



S 



dyi 



5 d 
CsJ = -^,®5x' + — ®5y\ 
ox' oy 

5 d 

Csh = (g,Sy' + Rl—(g)Sx\ 

dx^ oy^ 



Rj are the components of a (l,l)-type tensor field on J^tt, known as the second 
invariant in KCC-theory [2], the Douglas tensor |131I15| or as the Jacobi endomor- 
phism [a [101 [m [Ml • 

Using formulae ()2.2p . (j3.2p and the set of relations (j3.8p . (|3.9p . we obtain 



(3.11) 
(3.12) 



According to formulae (HH), ^JQ, ([S^, ((331), and [J,T] = 2[J,h] - [J, Id] = 
2 [J, h] one can prove the following proposition. 

Proposition 3.1. i) The weak torsion tensor field of the nonlinear connection T 
vanishes: [J, h] = 0, which is equivalent also with [J, F] = 0. 

ii) The curvature tensor R = Nh of the nonlinear connection T is a vector valued 
semi-basic 2-form, locally given by 

(3.13) R^^[h,h] = \r-,^ ® A 5x' ^ 



Ri 



dyi 



) dt A Sx\ 



where and R^ are given in formulae (|3.6p and (j3.10p . 

The Jacobi endomorphism can be defined as follows. 

(3.14) <P = voCgh = Csh-¥-J. 

It is a semi-basic, vector valued 1-form and satisfies $^ 
expressed as 

d 



0. Locally, it can be 



(3.15) 



dyi 



As we can see from formula (j3.13p , the Jacobi endomorphism is part of the curvature 
tensor R, which is the third invariant in KCC theory, Moreover, as we will see 
in the next proposition, the curvature tensor can be obtained, using Frolicher- 
Nijenhuis theory, from the Jacobi endomorphism. The result is similar to the one 
from [34| . where different techniques are used. 
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Proposition 3.2. The Jacobi endomorphism and the curvature of the nonlinear 
connection are related by the following formulae. 



(3.16) $ = isR, 

(3.17) [J,$] = 3R + <i>Adt. 

Proof. Since 2R = [h, h], for X in X{J^tt), we have 

2{isR){X) = [h, h]{S, X) = 2[5', hX] - 2h[S, hX] ^ 2v[S, hX] = 2$(X), 

which proves formula p.l6p . To prove formula p.l7p we use the local expression 
(|2.2p and (|3.15p of J and $ as well as the identity 

which follows by a direct computation. The Frolicher-Nijenhuis bracket of J and $ 
is given by 

(9 1 / c^i?*^ BR^\ r) 

[^'^] - 2^W«^^^^-'+2(#-a#ja^^^^^"^^^' 
3 9 

= 2dt A $ + — ^ (8) A Sx^ . 
2 •' oy^ 

Using the above formula and formula p.l3p that defines the curvature R we obtain 
formula (|3.17p . which completes the proof. □ 

The following (1, l)-type tensor field will allow us to express in a simpler form 
the dynamical covariant derivative induced by S, which will be discussed in the 
next section. 

(3.18) * = ho Csh^vo Csv o Csh = ¥ + J -<^, 

(3.19) * = 

3.2. Dynamical covariant derivative. For a semispray 5* there are various pos- 
sibilities to define a tensor derivation on J^tt. Such derivation was considered first 
by Kosambi in |19| . with the name of biderivative. This derivation has been re- 
discovered latter and was called the dynamical covariant derivative |7]. It can be 
defined either as a derivation along the bundle projection ttiq, as in [51 [T71 [2^ [M] 
or as a derivation on the total space TJ^ir, PSI I29j . 

In this section we use Frolicher-Nijenhuis theory to define the dynamical covari- 
ant derivative as a tensor derivation on J^tt, following the time independent case 
developed in [3]. In Proposition 13.31 we present some useful commutation rules of 
the dynamical covariant derivative with the geometric structures studied in the 
previous sections. 

A map V : T{J^tt) 7~( J^tt) is a tensor derivation on T{J^tt) if it satisfies the 
following conditions. 

i) V is M-linear. 

ii) V preserves the type of tensor fields. 

iii) V obeys the Leibnitz rule: V{T (g) S) = VT (g) S + T (g)VS ,yT, S e TiJ^n). 

iv) V commutes with any contractions. 
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For a semispray 5* on J^tt, we define the R-linear map Vq : X( J^tt) — )• X{J^tt) 

(3.20) VoX = h[S,hX]+v[S,vX]. 

It follows that VoifX) ^ S{f)X + fVoX, for aU / e C°°{J^tt) and X e XiJ^n). 

Since any tensor derivation on 7"(J^7r) is completely determined by its action 
over the smooth functions and vector fields on J^tt, there exists a unique tensor 
derivation V on J^n such that V|c°o(ji7r) = S and V|3e(ji^) = Vo- This tensor 
derivation is called the dynamical covariant derivative induced by the semispray S. 

Next, we will obtain some alternative expressions for the action of the dynamical 
covariant derivative V on X{J^Tr), A'^(J^7r) and (1, l)-type tensor fields on J^tt. 

From formula (|3.20p we obtain 

'^Ix^J'^Tr) ~hoCsoh + vo Cs o V = Cs + h o Cgh + v o Csv. 

Using the (1, l)-type tensor field ^I* defined in formula p.lSp . we obtain the following 
expression of the dynamical covariant derivative. 

(3.21) V\xiji^)^Cs + -9. 

Since V satisfies the Leibnitz rule, we deduce that the action of V on /c-forms is 
given by 

(3.22) V|A'=(Ji,r) = -^5 - 

Above formula (|3.22p implies that V is a degree zero derivation on A^{J^tt). There- 
fore [181 P- 69], it can be uniquely written as a sum of a Lie derivation, which is 
Cs, and an algebraic derivation, given by i\i,. 

Similarly, we deduce that the action of V on a vector valued fc-form A on J^tt is 
given by 

(3.23) \/A^ CsA + 'i> oA-i^A. 

Proposition 3.3. The dynamical covariant derivative induced by a semispray S 
has the following properties. 

i) VS* = and Vis = igV. 

ii) yh = Vw = 0, which means that V preserves by parallelism the horizontal 
and vertical distributions. 

Hi) VJ = VF = 0, which means that V acts similarly on both horizontal and 
vertical distributions. 

iv) The restriction of 'SI to K^{J^'k) and the exterior differential operator d satisfy 
the commutation formula 

(3.24) dV-Vd^d^. 

v) The restriction ofV to A''(J^7r) satisfies the commutation rule 

(3.25) VzA - iaV ~ ivA 

for a (1, 1)- type tensor field A on J^tt. Hence the algebraic derivations with respect 
to h,v,J,¥ commute with V|Afc(ji7r)- 

Proof. First item follows directly using definition formula p.20p and formula p.22[l . 
From the definition formula p.lSp of tensor ^' we obtain 

(3.26) Ao^ oA^ CsA, 

for A G {h, v, J, ¥}. Using formula p.23p . it follows immediately that Vft- = Vv = 
V J — VF = and hence we proved item ii) and iii) of the proposition. 
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Using formula (|3.22p we obtain 

dV = dCs — rfi* = Csd — uyd + d^, = "S/d + di^,, 

for the restriction of V to A'°(J^7r). Therefore, formula p.24p is true. 
From formulae ([3221), (EZll), as weU as we obtain 

which proves the last item of the proposition. □ 
First three items of Proposition 13.31 can be locally expressed as follows. 



VS = 0, Vdt = 0, 
(3.27) = J^' = ~N]5x\ 

Tensor derivation V coincides with the dynamical covariant derivative induced 
by the Berwald linear connection V on J^tt, studied by Massa and Pagani in |25| . 
in the following sense V = V5. See also (23] for a detailed study of Berwald- type 
connection associated to time dependent systems of SODE. The relation between 
the dynamical covariant derivative and the Berwald connection implies that tensor 
^ is the shape map As on the manifold N = J^ir, studied by Jerie and Prince in 
|17| on an arbitrary manifold. 

Another tensor derivation on X{J^Tr), induced by a semispray, was proposed by 
Morando and Pasquero |29) . In our notations, Morando and Pasquero's derivation 
can be expressed as V + ^' = Cs + 2^'. 

Next result is a technical lemma that expresses the action of the dynamical co- 
variant derivative on semi basic 1-forms, and will be useful for the proof of Theorem 
K2\ 



Lemma 3.4. For a semi-basic 1-form 6 on J^tt, its dynamical covariant derivative 
can be expressed as follows. 

(3.28) Ve = dhisO + isdhO. 
Moreover, 9 satisfies the identity 

(3.29) isdh0 = ihisde. 

Proof. Using the identity dhis + isd^ = Cs — *[s,/i]i one gets 

(3.30) Cs9 = dhise + isdhe + i[s,h]e. 

Since 9 is semi-basic we have i[s,h]^ = *f-i-j+*^ = *f^- Moreover, iq,9 = zf-|_j„$0 = 
ir9 and hence V9 = LsO — i^9 = dhisO + isdh(^- 

For the second identity, we notice that isdhO = isihd9 — isd9. Using isih^ihis ~ 
ihs = is, one gets isdh9 = ihisd9. □ 

3.3. Dual symmetries. In Section [S] we will search for solutions of the inverse 
problem of the calculus of variations in terms of semi-basic 1-forms. We prove 
that in the Lagrangian case there is always a solution that is a dj-closed semi- 
basic 1-form, which is the Poincare-Cartan 1-form of some Lagrangian function. 
If the solution of the inverse problem contains a semi-basic 1-form that is not dj- 
closed then it induces a dual symmetry and a first integral of the semispray. For 
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discussions regarding adjoint symmetries in the context of the inverse problem of 
the calculus of variations we refer to [HI [3 131] • A detailed discussion of symmetries, 
dual symmetries, adjoint symmetries and the relations among them can be found in 
|29| . In this section we use expression p.22p of the dynamical covariant derivative 
to characterize dual symmetries in terms of a Jacobi equation. 

Definition 3.5. A 1-form uj on J^n is called a dual symmetry (or an invariant 
form) for a semispray S if £s^^ ~ 0. 

In this work we will be interested in dual symmetries for which isuj = 0. Since 
we will work with equivalence classes (modulo dt) of dual symmetries, in each class 
we can choose a representant of this form. 

To express the condition CsijJ = for a 1-form, locally expressed as w = uJiSx' + 
uJiSy^ , we will use formulae p.22[) and p.27p for the dynamical covariant derivative. 
Therefore Cs(^ = 0, which is equivalent to Vw = — i^oj can be locally expressed as 



Hence is a dual symmetry, if and only if = — Vcji^x* + Wi^j/' and it satisfies the 
Jacobi equation 



If w is a dual symmetry then — irw is an adjoint symmetry. Locally, an adjoint 
symmetry a with isa = is locally expressed as a = VuJiSx^ + ujiSy"^ and verifies 
the same equation p.3ip . 



An approach to the inverse problem of the calculus of variations seeks for the 
existence of a non-degenerate multiplier matrix gij(t,x,y) which relates the geo- 
desic equations (jl.ip of a semispray with the Euler-Lagrange equations (|1.2p for a 
Lagrangian function L. In this case, the Lagrangian function L is determined from 
the condition that the multiplier matrix gij is the Hessian of L. Necessary and suffi- 
cient conditions for the existence of such multiplier matrix are known as Helmholtz 
conditions and were obtained, using various techniques for both autonomous and 
nonautononious case, in[Il|4l[8l[l6l[l9l[20l[2ll[28l[30l[3l]. 

In our approach we look for solutions of the inverse problem in terms of semi- 
basic 1-forms, see Theorem 14.51 and Proposition 14.61 In the Lagrangian case, the 
Lagrangian function L is determined by the fact that its Poincare-Cartan 1-form 
coincides or it is equivalent (modulo dt) to a semi-basic 1-form that satisfies certain 
conditions. We will call these conditions Helmholtz conditions and we will present 
how they lead to the classic formulation of Helmholtz conditions in terms of a 
multiplier matrix. 

4.1. Poincare-Cartan 1-forms. 

Definition 4.1. 1) A smooth function L € C°°{J^Tr) is called a Lagrangian func- 
tion. 

2) The Poincare-Cartan 1-form of the Lagrangian L is the semi basic 1-form 
Ol = Ldt 4- djL. 

3) If for a Lagrangian L, the Poincare-Cartan 2-form dO^ has maximal rank 2n, 
then L is called a regular Lagrangian. 




(3.31) 



0. 



4. Lagrangian vector fields 
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For a Lagrangian function L, the Poincare-Cartan 2-form cIOl can be written as 
follows, see [TU] 

Therefore, the Lagrangian function is regular if and only if the n x n symmetric 
matrix with local components 

(4-2) W 

has rank n on J^tt. Functions g^j, given by formula (j4.2[) . are the components of a 
(0,2)-type symmetric tensor g = gijSx'' ® 6x^ , which is called the metric tensor of 
the Lagrangian function L. 

Next lemma gives characterizations of Poincare-Cartan 1-forms, as well as equiv- 
alent (modulo dt) Poincare-Cartan 1-forms, as subsets of semi-basic 1-forms, using 
the exterior differential operator dj. In the time independent case, such character- 
ization appears in |24| . 

Lemma 4.2. Let 9 be a semi-basic 1-form on J^tt. 

i) 9 is the Poincare-Cartan 1-form of a Lagrangian function if and only if 9 is 
dj-closed. Moreover, the Lagrangian function is given by L = is9. 

ii) 9 is equivalent (modulo dt) to the Poincare-Cartan 1-form of a Lagrangian 
function if and only if 9 is dj-closed (modulo dt). 

Proof, i) If 9 ~ Ldt -\- djL is the Poincare-Cartan 1-form of a Lagrangian function 
L, then it follows that dj9 — and L = is9. 

Conversely, let us assume that 9 € A^(J^7r) is semi-basic and dj9 ~ 0. Since 
djis + isdj ~ Cjs — i[s..i\ = ih-s®dt-v, we have that djis9 ~ 9 — is9dt. Therefore 
9 = is9dt + djis9 and hence 9 is the Poincare-Cartan 1-form of the Lagrangian 
L = ts9. 

ii) We apply the Poincare-type Lemma [2^ for fc = 1. Suppose that the 1-form 9 
is equivalent (modulo dt) to the Poincare-Cartan 1-form of the Lagrangian function 
L. Therefore 9 A dt ~ djL A dt, which means that 9 is dj-exact (modulo dt) and 
hence it is c?j-closed (modulo dt). 

Conversely, if the semi-basic 1-form 9 is dj-closed (modulo dt), it follows that 
there exists a (locally defined) Lagrangian function L such that 9 Adt = djL Adt ~ 
9l a dt. Therefore, 9 is equivalent (modulo dt) with the Poincare-Cartan 1-form of 
the Lagrangian function L. □ 

Next Lemma will be applied in the next section in order to formulate Helmholtz- 
type conditions for the semispray S. 

Lemma 4.3. Let 9 be a semi-basic, dj-closed, 1-form on J^ir. Then, the next 
equivalent conditions are satisfied. 

i) Cs9 = dis9 + isdh9; 

ii) isd9 = isdh9; 

iii) isdv9 = 0. 

Proof. Consider 9 a semi-basic 1-form on J^tt such that dj9 — 0. Using Lemma 
I4.2| we deduce i[s,h]S — iwS — i¥{is9dt + djis9) = irdjis9. 
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Since i^dj — dji^ = djow — ~ dy — i[¥,j] , it results that i^djisO — dji^isO + 
dvis(^ ~ *[F,j]*s^ — dyigO. Hence, i[s,h](^ — dyigd- If we substitute this in formula 
(j3.30p we obtain 

CsO = dhisO + isdhO + dyigO 
= ifidisO + iydisO + igdhO 
= hddisO + isdhO = digO + isdhO, 

which proves condition i). 

Evidently conditions i) and ii) are equivalent due to Cartan's formula Cs ~ 
do ig -\- ig o d. 

From ii) and p.29p . we obtain ii^isdO ~ igdO = ihisdO and hence iyigdO ~ 0. 
Using now the commutation rule igiy ~ ivis = ivS = O7 we deduce that last two 
conditions are equivalent. □ 

4.2. Lagrangian semisprays and dual symmetries. For a semispray 5, its 
geodesies, given by the system p.ip of SODE coincide with the solutions of the 
Euler- Lagrange equations (|1.2p of a regular Lagrangian L if and only if the two sets 
of equations are related by 

( dx\ fd^xi / dx\\ d fdL\ dL 

^'■'^ V^'^^)[-d^^'''\'^^^^)) = dt[w)-d^^ 

with gij given by formula (|4.2p . Therefore, for a semispray S, there exists a regular 
Lagrangian function L that satisfies equation (j4.3p if and only if 



Equations (|4.4p can be globally expressed as 
(4.5) CsOl = dL. 



In view of Cartan's formula, above equation (|4.5p is equivalent to igdO^ = and 
hence the regularity of the Lagrangian function L from Definition 14.11 is equivalent 
to the non-degeneracy of the Poincare-Cartan 1-form 6^ from Definition 12.21 For 
details regarding regularity aspects of Lagrangian systems see [201 chapter 6] . 

Definition 4.4. A semispray S is called a Lagrangian veetor field (or a Lagrangian 
semispray) if and only if there exists a (locally defined) regular Lagrangian L that 
satisfies equation (|4.5p . 

Next theorem provides necessary and sufficient conditions, in terms of a semi- 
basic 1-form, for a semispray to be a Lagrangian vector field. It corresponds the 
characterizations in terms of 2-forms of Lagrangian vector field in [TJ [31 [51 [TUl [M] ■ 
In |34| . Proposition 8.3 gives a characterization of a Lagrangian vector field in terms 
of Poincare-Cartan 1-forms. 

Theorem 4.5. A semispray S is a Lagrangian vector field if and only if there exists 
a non- degenerate, semi-basic 1-form 9 on J^tt such that CgO is closed. 

Proof. We assume that the semispray is a Lagrangian vector field for some regular 
Lagrangian function L. Since L is regular it follows that its Poincare-Cartan 1-form 
0L = Ldt -\- djL is non-degenerate. Moreover, L satisfies equation (|4.5p . which 
means that CsOl is exact and hence it is a closed 1-form. 
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For the converse, consider a non-degenerate, semi-basic 1-form on J^tt, such 
that £56' is closed. It follows that there exists a (locally defined) Lagrangian func- 
tion L on J^TT such that 

(4.6) CsO = dL. 

If we apply is to both sides of formula (|4.6p we obtain 

(4.7) S{ise) = S{L). 

Now, we apply ij to both sides of formula (|4.6p and obtain 

(4.8) ijCsO = djL. 

Using ijCs - Csij = -*[s,,7] = ih-s®dt-v, ismtS = 15^*^* and the fact that 6* is a 
semi-basic 1-form, which means that i^O ~ ij9 ~ and ihO = 9, from formula (|4.8p 
we obtain 

(4.9) e = isOdt + djL. 

From formula (|4.9p it follows that d9 = d{isO) A dt + ddjL, which can be written 
as d9 + isdO A dt ~ Csd /\ dt + ddjL ~ dO^. Hence the non-degeneracy of the 
semi-basic 1-form implies the regularity of the Lagrangian function L. We will 
prove now that Cs9l = dL. Using formula (|4.9p . we have 6l — + (L — is6)dt and 
hence, according to formulae (|4.6p and (|4.7p . we get 

CsOl = Cse + Cs{L-ise)dt^dL, 

which completes the proof of the theorem. □ 

For a semispray S let us introduce the set 

A^(J^7r) = {9 <^ A^{J^'k),9 semi-basic, non-degenerate, Csd9 = 0}. 

Theorem 14.51 states that a semispray S' is a Lagrangian vector field if and only if 
Ag{J^Tr) 7^ 0. For a Lagrangian semispray S, on the set Ag(J^7r) we introduce the 
following equivalence relation 9i = 02 if 9i A dt = 9^ /\ dt and 5* (is{Oi — ^2)) = 0. 
It follows immediately that 9i = 9-2 if and only if there exists a first integral / for 
S such that 9i = 92 + fdt. 

From formulae ()4.6p and (|4.9p it follows that each equivalence class [9] in A^( J^tt) 
contains exactly one Poincare-Cartan 1-form 9l of some regular Lagrangian L, 
where 

(4.10) 9 = 9l + {isO - L)dt. 

Therefore for each equivalence class [9] in A|^( J^tt) there exists a unique Lagrangian 
L such that [9] = [9i]. One can furthermore reformulate this using Lemma [4.2[ 
each equivalence class in A^( J^tt) contains exactly one dj-closed semi-basic 1-form. 

If an equivalence class [9l] contains a semi-basic 1-form 9, which is not dj-closed, 
then is9 — L is a first integral and isd9 is a dual symmetry for S. In this case the 
Lagrangian vector field 5 is a conservative vector field. 

According to the above discussion, we can strengthen the conclusion of Theorem 
14.51 as follows. 

Proposition 4.6. Consider S a semispray. 

i) S is a Lagrangian vector field if and only if there exists 9 € Ag{J^Tr) such 
that dj9 = 0. In this case 9 = 9^, for some locally defined Lagrangian 
function L, and Ls9 — dL. 
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ii) S is a conservative Lagrangian vector field if and only if there exists 9 G 
A^(J^7r) such that dj0 ^ 0. In this case 9 ~ 6^ + fdt, for some locally 
defined Lagrangian function L and f a conservation law for S . 

Necessary and sufficient conditions for the existence of semi-basic 1-forms that 
satisfy either condition i) or condition ii) of Proposition 14.61 will be discussed in 
the next section in Theorems 15.11 and 15.21 However, we want to emphasize that a 
semi-basic 1-form 9 G Ag(J^7r) which is not dj-closed gives rise to a Lagrangian 
function, a first integral and a dual symmetry of the semispray, see Theorem 15.21 

5. Helmholtz-type conditions 

In this section we use Frolicker-Nijenhuis theory on J^ir and geometric objects 
associated to a semispray 5, to obtain invariant conditions for a semi-basic 1- 
form 9 on J^-K that are equivalent with the condition that CgO is a closed 1-form. 
Therefore, in view of Theorem 14. 5[ we obtain necessary and sufficient conditions, 
in terms of a semi-basic 1-form, for a semispray 5 to be a Lagrangian vector field. 
We will relate these conditions with the classic formulation of Helmholtz conditions 
in terms of a multiplier matrix in the next section. 

5.1. Semi-basic 1-forms, symmetries, and Helmholtz-type conditions. In 

this section we present two theorems that give characterizations for those semi- 
basic 1-forms in the set A^(J^7r). First theorem seeks for a solution of the inverse 
problem on a restricted class of semi-basic 1-forms: those forms that are dj-closed, 
and hence represent the Poincare-Cartan forms for some Lagrangian functions on 
J^TT. Second theorem seeks for a solution of the inverse problem on a larger class 
of semi-basic 1-forms, which are not dj-closed. It is important to note that in this 
case, if there is a solution then it induces a dual symmetry and a first integral of 
the given semispray. 

Theorem 5.1. Let 9 be a semi-basic, dj-closed, 1-form on J^tt. Then, the follow- 
ing conditions are equivalent 

i) £5^ is closed; 

ii) Cs9 is exact; 

iii) Cs9 = dis9; 

iv) dh0 = 0. 

Proof. Implications iii) => ii) => i) are immediate. Therefore it remains to prove 
implications iv) => iii) and i) iv). 

We prove first that condition iv) implies condition iii). Consider 9 a semi-basic 
1-form on J^tt such that dj9 ~ dfi9 ~ 0. According to Lemma [4.31 we have that 
dj9 = implies £38 = disd + isdhd. Since d^O = it results CsQ = disO, which is 
condition iii). 

Finally, we have to prove implication t) ^ iv). If Cs9 is closed, we have that 
Csd9 = and hence ijCsd9 — 0. Using the commutation rule ijCs — Csij ~ 
ir-s«>dt and formula ijd9 = dj9 = it results 

(5.1) ir-s®dtd9 = 0. 

Now, we have ird9 = i2h-\ddO = 2ihd9 — i\dd9 ~ 2{ihd9 — d9) = 2{ihd9 — dih9) = 
2dh9. If we substitute this in formula (|5.ip we obtain 

(5.2) ismtd9 = 2dh9. 

17 



If we apply ^5 to both sides of equation (jS.ip and use the identity is^r-si^dt — 
ir-S(g)dt'is = 0, we obtain 

(5.3) ir-smtisdO = 0. 

If we apply is to both sides of the equation (j5.2p . use condition ii) from Lemma 
14. 3( and commutation formula is«s,g,dt—«SiS)dt«s = is we obtain 2isdh0 = is(^dtisd9+ 
isd9, which implies iid{isd9) = is®dtisd9. Last formula is equivalent to 

(5.4) iu-s®dtisd9 ^Q. 
Equations (|5.3p and (|5.4p lead to 

(5.5) ihisd9 = 0. 
Condition iii) from Lemma 14.31 can be written as 

(5.6) i^isd9 = 0. 

Using equations (|5.5p and (|5.6p we obtain isd9 = 0. Since is^dtdO = {isd9)Adt = 0, 
from (|5.2[) we obtain that d/jfl = 0, which is condition iv). □ 

Condition iii) is equivalent with condition isd9 = required in all previous 
works that deals with the inverse problem of the calculus of variations for the time 
dependent case [U [THl HH |34]. For example condition isd9 = is reflected in the 
expression of the 2-form uj in formula (3.2) in [T]. The next theorem deals with 
a larger class of semi-basic 1-forms, where condition isd9 = is not required. In 
this case, in view of Proposition 14. 6[ we obtain a characterization for conservative 
Lagrangian vector fields. 

Theorem 5.2. Let 9 be a semi-basic 1-form on J^ir, which is not dj-closed. Then 
Cs9 is a closed 1-form if and only if the following conditions hold true. 

(Hi) dj9 A dt ^ (9 is dj-closed modulo dt); 

{H2) dfi9 A dt ^ (9 is dh-closed modulo dt); 

{H3) d^9 A dt = (9 is d^-closed modulo dt); 

[Hi) Vd9 Adt = 0; 

{DS) The 1-form isd9 is a dual symmetry for S. 

Proof. Suppose that Cs9 is a closed 1-form. If we apply ij to Csd9 — and use 
commutation rule (|2.12p we obtain 

(5.7) Csijd9 + ir-S(g)dtd9 = 0. 

If we apply again ij to above formula and use commutation rule (|2.12p we obtain 

Csi,jdj9 + ir-S(Sdtijd9 + ijir^s®dtd9 = 0. 

Since 9 is semi-basic it follows that ijdj9 = i^jd9 = 2\d9 o J* = 0. Using commu- 
tation rule (P?Ti|) . J o {T ~ S ® dt) = J , and {T - S ® dt) o J = - J, we get 

= 2ijir-s^dtd9 -i- ijo(T-s®dt)d9 — i(v-s®dt)ojd9 = i.jiT~s®dtd9 + ijd9. 

Therefore, we have 

(5.8) dj9 + ijird9 - ijismtd9 = 0. 

Since iYd9 = 2dh9 is a semi-basic 2-form, it follows that ijird9 = 0. Also, 
ijisi»dtd9 = is®dtijd9 = is®dtdj9. Formula (|5^ becomes 

(5.9) dj9 = ismtdj9. 
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Applying Lemma 12.31 we obtain djd A = 0, which is condition (Hi). 

If we use formulae (|5.9p . (|5.7p and commutation rule Csis(g)dt = is(g)dtJ^s, we 
obtain irdO ~ is^dtidO — Csdj9). Therefore, irdO Adt ~ and hence dji9 Adt = 0, 
which is condition (i^2)- 

From the action of the dynamical covariant derivative V, expressed by formula 
p.22p . on 2-forms we obtain 

(5.10) Csd6 = Vde + i^de. 

Applying ir to both sides of this identity and using Vir ~ irV, we obtain yiYd6 + 
lYi^dO — 0, which in view of commutation formula (|2.14p is equivalent to VirdO + 
i>ifird6 + i'jror-ro'S'dO = 0. From Proposition 13.31 we obtain VF = 0, which implies 
«'oF-ro* = -CsT = -2Csh = -2(F + J + $) and hence 

(5.11) Virde + i^irde - 2ir+j+^d9 = 0. 

Using formula (|5.1ip and VirdOAdt = iqiirdOAdt = we obtain (iF+j+$d6')Adi = 0. 
From second formula (|5.10p it results that (Vd0 + ZF+j-*rf0) Adt = 0. Therefore 



(5.12) 



J {VdO + 2ir+jd6) Adt = 0, 
yi'^dO -2i^de) Adt =0. 



From formula (|5.12p . it follows that there exists a 1-form w on J^tt such that 
VdO — 2i^d9 = u) Adt. Applying ih to this identity, we get 

(5.13) Vihd9 — 2ihiq,d6 ~ ihuj A dt + cu A dt. 

We also have ihi<i>dO = iq,iiidd + i<s,oh-hois>d9 ~ i^ihdd + iq,d0. 
Since ihdO A dt = dd A dt {H2), it exists a 1-form a) on J^ir such that ihd9 = 
dO +0J Adt. It results that 

(5.14) ihi<s>dd = 2i^d9 + iijiUj A dt. 
Formulae ([STTS]) and (|5J4|) lead to 

(5.15) {yd0 -Ai^d9) Adt = 0. 

Relations (|5.12p and (|5.15p imply ig,d9 Adt = 0, which is condition {H^) as well 
as \/d6 Adt ~ 0, which is condition {H4). 

Evidently, the assumption closed implies CsisdO = isCsdO = 0, and hence 
condition {DS) is also satisfied. 

For the converse, we assume that there exists a semi- basic 1-form 9 on J^tt such 
that conditions {Hi) — {H4) and {DS) are verified. We will prove that Cs9 is closed. 

Using condition {DS) it follows that is{Csde A dt) = Cs{isd9) A dt + CsdO = 
CsdO. Therefore, it suffices to show that CsdO Adt ^ Q. Using formula p.22p and 
condition (-^4) we obtain 

CsdO Adt= {VdO + i^dO) Adt^ i^dO A dt. 

We will show that the 2-form i^^idO A dt vanishes by evaluating it on pairs of strong 
horizontal and/or vertical vector fields. 

From conditions {Hi) — {H3) we obtain that the 2-forms dj9, dhd and d,s>& vanish 
on any pair of strong horizontal vector fields hiX,hiY. From condition {Hi) we 
have ijd9{hiX, hiY) = and hence 

(5.16) d0{JX,hiY) + d9{hiX,JY)^O. 
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From condition {H2) it follows that {ihd9 — d9){hiX, hiY) = 0, which implies 

(5.17) d0{hiX,hiY) = 0. 

From condition (H^) we obtain that i^d9{hiX, hiY) = 0, which implies 

(5.18) de{<^X,hiY)+d9{hiX,<S>Y) = 0. 
Using formulae ([536]) . ((5T7| and (|5?T8l) we obtain 

ii^d9){JX, JY) = d9{JX, hiY) + d9{hiX, JY) = 0, 
{i^d9){hiX,hiY) = d9{-'^X,hiY) + d9{hiX,-'^Y)^Q, 
{i^d9){JX,hiY) = d9{hiX,hiY) + d9{JX,-'i>Y) =0, 

for any arbitrary pair of vector fields X,Y on J^n. Last three formulae imply that 
i^d9 Adt = and hence Csd9 = 0. □ 

In view of Proposition 14.61 one can reformulate Theorem 15.21 as follows. A 
semispray is a Lagrangian vector field if and only there exists a semi-basic 1- 
form 9 that satisfies the Helmholtz conditions (Hi) — {H4). Note that in this case 
we might have dj9 — and hence 9 = 9]^ for some Lagrangian function L. If 
dj9 then 9 is equivalent (modulo dt) with the Poincare-Cartan 1-form of some 
Lagrangian function. In this case, S* is a conservative Lagrangian vector field and 
isd9 is a dual symmetry. 

5.2. Semi-basic 1-forms and multiplier matrices. In this section we present 
a proof of the Theorem 15.21 using local coordinates. First, this allows to show the 
usefulness of the covariant derivative studied in Section 13.21 as well as the use of 
the adapted basis and cobasis (|3.3p . Secondly, it will relate the Helmholtz-type 
conditions (Hi) — (-^4) presented in Theorem 15 . 2 1 with their classic formulation for 
a multiplier matrix. 

Consider that 9 = 9odt + 9i5x^ is a semi-basic 1-form on J^tt that is not dj-closed 
and such that the 1-form Cs9 is closed. For the 1-form 9 we will use the following 
notations. 

_ 69, 59 j _ d9i 

A direct calculus using adapted cobasis p.3p leads to 



(5.20) d9 biSx' Adt + ai5y' Adt+^bij6x^ A5x' +gi.iSy^ A6x\ 

We emphasize the presence of the two terms and bi in formula (|5.20p due to 
the fact that isd9 ^ 0, terms which do not appear in previous work for the time 
dependent case of the calculus of variations, see [Tl [TUl IM] . 

Using formula p.22p for the dynamical covariant derivative, the 2-form Csd9 = 
'Vd9 + i\i,d9 can be expressed in terms of the adapted cobasis p.3p as follows. 



Csd9 = {\/bi~ajRl)dx' Adt+{b, + Va,)dy' Adt 



(5.21) +2 (V&^j - g^kR■ + 9jkRf )Sx^ A Sx' 

+{Vg^j + b,j - bj,)Sy^ A Sx' + ^{g,j - gj.,)5y^ A Sy' 
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From above formula (|5.2ip it follows that the condition £56' is closed is equivalent 
with the following two sets of conditions that correspond to Helmholtz conditions 
{Hi)-{Hi) in Theorem[ 



(5.22) gij = gji, 

(5.23) g^kR", = gjkRl 

(5.24) Vffy = 0, 

(5.25) hj = 0, 

and respectively to condition (DS) in Theorem 15.21 

(5.26) b, + Va^ = 0, 

(5.27) Vbi - flji?^ = 0. 

If the above two equations (|5.25p and ()5.26p hold good we deduce 

(5.28) V^a, + aji?| 
which is equivalent with the fact that the 1-form 

is a dual symmetry of the semispray S, since it satisfies equation (|3.3ip . 

Next, we present the local expressions of the 2-forms dj9, dhO, d<j,6 and Vd6. 

dj9 = aiSx' A dt + ^{gij - gji)5x^ A Sx\ 

dhO = biSx^ Adt+ ^bijSx^ A 5x\ 

d^e = RjajSx'- Adt+hg.ikR'' ~ g. k Ri )Sx^ A Sx\ 

2 

Vd9 = VhSx' Adt + Va^Sy"- Adt+]^Vhj5x^ A5x' +Vgij5y^ A5x\ 

In view of above formulae, one can immediately see that Helmholtz-type conditions 
[Hi) — {H4) are equivalent with conditions (|5.22p - (|5.25p . First three conditions 
(|5.22p - (|5.24p are usually known as the classic Helmholtz conditions of the multiplier 
matrix gij = dOi / dy^ . Fourth classic Helmholtz condition 

%j _ dgik 
dy'^ dy^ 

is identically satisfied in view of last notation (|5.19p . 

The requirement that semi-basic 1-form is not dj-closed implies that isdjO 7^ 0. 
Therefore ijisdO ^ and hence isdO ^ 0, which assures that a solution of equation 
(|5.28p is not trivial. Locally, djO ^ implies from formula (|5.19p is not identically 
zero, and hence igdO = Va^Ja;* — a^^y* is a non trivial, dual symmetry of the 
semispray S. 

Theorem 15.11 corresponds to the time independent case studied in Theorem 4.3, 
[?] , where it is shown that for 0-homogeneous semi-basic 1-forms only two of the 
Helmholtz conditions are independent. These two conditions are dj9 = and 
dhO = and appear in both Theorem 15. II as well as Theorem 4.3 from [4]. 

Theorem 15.21 corresponds to the time independent case studied in Theorem 4.1, 
[4], where conditions {Hi) — {H4) are equivalent with the fact that a semi-basic 
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1-form is dj, and c?$-closed and satisfies \7d6 = 0. It is important to empha- 
size that in general, for the time dependent case, Lagrangian semisprays are not 
conservative. Theorem 15.21 refers to the class of Lagrangian semisprays (conditions 
(Hi) — {H4) are satisfied) that have symmetries as well (condition (DS) is satisfied). 
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